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Abstract 
We report on 3-D, fully electromagnetic kinetic modeling of the field-reversed-configuration (FRC) formation 

by odd-parity rotating magnetic fields (RMFo) in the PFRC-1 and upgraded PFRC-2. The simulation model includes 

the Lorentz force, atomic physics effects, externally applied time-varying electromagnetic fields, and material 

boundary conditions. The new simulations use a new extended magnetic-implicit (MI) energy-conserving technique 

that permits under-resolution of either the electron cyclotron or plasma frequencies. The MI results are first 

benchmarked against those published of PFRC-1 field reversal using the energy-conserving-explicit technique. 

Initial simulations of PFRC-2 are also presented.  The PFRC-2 machine is 8x larger in volume with 10x larger Bz 

field, higher power RMFo, and roughly 10x larger plasma density. We discuss the relative computational speed and 

accuracy of the new numerical technique in the dynamic FRC conditions. 

 

I. Introduction 
 

In this paper, we discuss recent progress in the 

development of an efficient and robust kinetic 

electromagnetic algorithm for the simulation of high- 

plasmas.  The new technique is applied to the Field-

Reversed Configuration (FRC) with odd-parity Rotating 

Magnetic Field  (RMFo) being fields at the Princeton 

Plasma Physics Laboratory (PPPL).  The computational 

model addresses a physics regime specifically relevant to 

this device, in which kinetic effects are critical, and is 

useful to the plasma physics community in general. The 

Magnetic-Implicit (MI) predictor-corrector particle-in-cell 

(PIC) method permits accurate modeling of the complex 

orbits now in denser plasma by improving the prediction 

phase.  We continue to validate these computational 

methods against the ongoing PPPL experiments on the 

PFRC machine.  

The electromagnetic computational techniques 

discussed in a recent letter
1
 involved a mature technique 

useful for modeling the PFRC-1 device.   The explicit PIC 

method used standard particle advance techniques with 

the exception of a novel energy conserving push
2
 referred 

to as energy-conserving explicit (ECE).  This energy 

conservation is the result of advancing the particle energy 

consistent with the change in the local electrostatic 

potential.  The advanced MI method
3
 has also been 

developed that permits larger numerical time steps while 

maintain an accurate representation of the particle orbits. 

The MI as published had not been tested in a dynamic 

FRC and had been limited to lower-density plasma 

simulation.  Unlike the ECE method, the MI particle 

advance has two steps with the mirror force added when 

the cyclotron orbits are under resolved.  The accuracy of 

this method in reproducing the chaotic FRC particle orbits 

is quite good for large time steps. In this paper, we 

discuss the generalization of the MI technique for high 

plasma density simulation.   

The paper is organized as follows.  We discuss 

the new advancement of PIC simulation capabilities in 

Sec. II, comparisons of the new technique with the 

published simulations of the PFRC-1 experiment in Sec. 

III, and discuss initial simulations of the second 

generation PFRC-2 device in Sec. IV. Conclusions and 

future plans are presented in Sec. V. 

II. Generalization of the Magnetic Implicit 
Algorithm for Electromagnetic 
Simulation of Magnetized Plasma 

Particle orbits in a reactor scale FRC magnetic 

confinement device are complex and chaotic and require a 

highly accurate solution technique.  Standard explicit PIC 

(including the ECE method) does not properly describe 

particle orbits when the product of the cyclotron 

frequency and time step ΩΔt is significant.  The error 

increases roughly as the square of this product.  The MI 

algorithm described in detail in Ref. 3 greatly relaxes this 

constraint.  The key difference from the Boris push
4
 used 

in typical explicit simulation is that the motion of a 

charged particle in electromagnetic fields centers the 

position and relativistic momentum variables of the 

particle at the same time level instead of the usual leap 

frog centering. The MI method preserves the correct 

particle cyclotron radius for large time steps (ΩΔt >> 1).  

There is no explicit calculation of the particle magnetic 

moment or additional field calculations to determine the 
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local transverse and longitudinal magnetic field gradients.  

In addition, the usual magnetic field rotation matrix is 

modified to conserve energy and corrects for the mirror 

force in regions where a significant longitudinal magnetic 

field gradient exists.  After the particle momentum is 

advanced, an effective velocity which includes a 

correction for particle drift in a transverse magnetic field 

gradient is calculated and used to advance the particle 

position.   

The MI algorithm is used as a two-step predictor-

corrector particle push with the usual field advance in 

between.  In the first push, particles’ positions x and 

momenta p are advanced assuming that the new fields are 

equivalent to the old, i.e. En+1 = En and Bn+1 = Bn.  The 

electromagnetic field are advanced with the predicted 

particle currents J*n+1/2 obtained in the first push.  The 

particles are pushed again with the calculated future fields 

En+1 and Bn+1 and the corrected currents Jn+1/2 are 

summed. The error current, Jerr = Jn+1/2- J*n+1/2, is then 

added to future currents to fix the charge conservation.  

Because there were no additional current sources in 

Maxwell’s equations which accounted for the particle 

motion as a function of the future fields, the system of 

equations from Ref. 3 cannot handle plasma densities 

such that ωpΔt > 1 where ωp is the plasma frequency. We 

can however keep the predictor-corrector nature of the MI 

algorithm while including an implicit term in Maxwell’s 

equations. This is accomplished in similar fashion to that 

used in the direct implicit method as shown schematically 

in Figure1.  Described in detail in Ref. 2, the direct-

implicit system of equations including the implicit source 

term J is,  

  

  
            

  

  
       

where the susceptibility tensor S (defined in Ref. [2]) 

accounts for the current density response of the particles 

J to the electric field at the future time step, i.e., J = S 

 En+1. This requires that the initial guess En+1 = 0 for the 

first particle advance (not En+1 = En as in the original 

algorithm). Thus, the field equations can be solved 

implicitly to calculate the future fields. The J* and S of 

each particle are scattered to the grid after the first push 

which advances the particle position and momentum 

using all field quantities except the future En+1 which is 

accounted for by J. One complication from the standard 

direct-implicit method is that the MI uses Bn+1 in the 

momentum advance. The susceptibilities, which contain 

the magnetic rotation tensor, must be calculated using Bn 

which introduces some error in the J calculation. Thus, 

we must assume the magnetic fields are slowly varying in 

a time step which is typically a very good approximation. 

In the second MI particle push, the particle 

position and momentum are advanced exactly as in Ref. 3 

only using the new En+1 and Bn+1. The final step as before 

is to calculated the error current and add it future currents 

for the charge conservation. The process can be repeated 

making use of the new Bn+1 for increased accuracy in the 

calculation of S, although this has not been necessary in 

test cases. 

The new MI algorithm steps are as follows: 

1. Advance particles in first push assuming En+1 = 0 and 

Bn+1 = Bn. 

2. Scatter J* and S to the grid for each particle. 

3. The implicit form of Maxwell’s equations is solved for 

En+1 and Bn+1. 

4. Advance particle in second push with new En+1 and 

Bn+1. 

5. Correct charge errors by adding Jerr to future J* 

currents. 

The above algorithm has been implemented into the 

LSP PIC code. The final push is identical to the original 

algorithm which was tested extensively with single 

particle orbit calculations in an FRC magnetic field.  The 

velocity and magnetic field parameters were all varied 

over an order of magnitude, and the orbits calculated with 

the MI algorithm compared to “exact” calculations with a 

fourth-order Runga-Kutta (RK4) differential equation 

solver with adaptive step size control and a relative error 

tolerance of 10
-9

.  It was found that the MI solver 

reproduced the correct particle motion for large time steps 

(t >> 1) with the restriction that the product of vt < 

0.05 L where L is the magnetic field gradient scale length. 

In the next section, we employ the generalized MI 

algorithm on a dynamic FRC problem.  

III. Comparison of MI with ECE 
Simulation of PFRC-1 Startup 

In steady state, the PFRC-1 operates with a 

plasma density in excess of 10
12

 cm
-3

 in magnetic fields of 

order 100 G in the FRC region away from the strong > 1-

kG mirror fields at each end.  A 14-MHz, 5–12-G RMFo 

field is generated via currents driven in a set of antennae.  

Initial simulations of PFRC-1 startup to magnetic field 

reversal used the ECE PIC and the Monte Carlo gas 

interaction algorithms.
1 

 The PFRC-1 simulation models 

all important elements of the experiment.  These include 

the flux conserving (FC) rings, the Faraday cage, 14-

MHz, 400-A RMF coils (12 G), applied mirror fields, 

Pyrex vacuum housing and 3.4 x 10
13

-cm
-3

 deuterium 

neutral density.  Electron stimulated emission with yield 

SEEY = 0.05 from all surfaces is enabled.  The FC rings 

are treated as perfect conductors, which is a good 
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approximation for the 10-s simulations considered here.  

The experiment maintains a 10
9
-cm

-3
 plasma (initialized 

with 4-eV temperature) in between the energizing of the 

RMF antennae.  We used 10
9
-cm

-3
 initial density or the 

more expedient 10
11

-cm
-3

 density.  The higher density 

reaches the 10
12

-cm
-3

 density expected in steady state 

operation in less computation time.  Given the 840-ns e-

folding growth calculated for the plasma density in the 

presence of the RMF fields, the FRC equilibrium was set 

up within 2 s with the higher seed value.  

 
Figure 1. The time centering of the electromagnetic 

fields and particle position and momentum for the MI 

push. Note all quantities are solved at full step n. 

To compare with the ECE result, we run the new 

MI algorithm out to 2200 ns. The RMF and axial 

magnetic fields are then compared at the midplane at 1-

cm radius in Figure 2. The RMF fields nicely track each 

other while Bz follows the trend to field reversal but is 

considerably less noisy. This behavior is borne out in snap 

shots of the field at 2200 ns.  Shown in Figure 3, the 

fields are much clearer in the MI simulation although the 

field reversal is a bit less. This is the result of a decrease 

in the particle noise level due to the new implicit term in 

Maxwell’s equations which reduces noise by roughly 1/ 

(1+(ωp Δt )
2
.   

This dramatic noise reduction permits a more 

detailed calculation of magnetic closed surfaces. To 

approximate the steady state behavior, we removed the 

neutrals entirely from the MI simulation after 2200 ns 

allowing the FRC to evolve without additional ionization. 

The resulting configuration of the magnetic fields after 

3200 ns is shown in Figure 4. The field streamlines 

exhibit a nearly closed structure in the x< 0 portion of the 

FRC region and open lines in x > 0 volume. This behavior 

is a result of the strong influence of the RMF on the line 

configuration.  This region of nearly closed field lines 

rotates in time at the RMF frequency. 

 
Figure 2.  The (a) RMF fields and the (b) axial 

magnetic field at z=0 and r=1 cm. The explicit ECE 

result is shown in black and the new MI result in red. 

 
Figure 3.  The axial magnetic field after 2200ns is 

plotted for the ECE simulation (left) and the MI 

simulation (right). 

 

Figure 4. Magnetic streamlines after 3200 ns into the 

PFRC-1 simulation using MI. Note toroidal field lines 

in the upper portion of the FRC. 

 
Figure 5.  The log of the plasma density (top row) and 

RMF (bottom row) at 5, 355, 705 and 1055 ns is 

plotted for the MI simulation of the PFRC-2 machine. 

IV. Initial simulation of PFRC-2 machine 
using MI  

The upgraded PFRC-2
5
 machine presents a 

significant computational challenge. From the PFRC-1 

parameters, the volume is increased 8x, the plasma 

density, the confining magnetic field, and the RMFo 

power are increased an order of magnitude, while the 

RMF frequency is reduced from 14 to 5 MHz. All these 

improvements represent increases in the size of the 

computational grid and extend the duration of the 

simulation.   

In our initial simulation to test the robustness of 

the MI algorithm in the more stressing environment, we 

initialized a 6x10
12

-cm
-3

 initial plasma density. The 

geometry and initial density profile is illustrated in Figure 
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5. Note the 10-cm radius of the Lexan vacuum vessel and 

embedded flux conserving rings. All the physics is model 

as in the PFRC-1 simulation, including ionization and 

scattering in the 2x10
14

-cm
-3

 neutral D density.  The 

applied solenoidal field is between 500-750 G within the 

FCs and > 1T at the mirror ends. The peak applied RMFo 

field generated by the antennae is 50 G.  

The high power of the RMF quickly drives a 

breakdown in the gas and a plasma density in excess of 

3x10
13

 cm
-3

 peaking near the FC rings. As shown in 

Figure 5, this density profile inhibits the penetration of the 

RMF in to the plasma and exhibits a diffusive lag in the 

penetration near r = 6 cm.  This behavior indicates the 

initial density of both the plasma and neutrals is larger 

than optimum.  Future simulations will start with a factor 

of 10 smaller densities.  

The MI algorithm behaved as designed in these 

field/plasma conditions throughout the short simulation.  

The time steps used gave  Δt = 0.5 (in the mirror ends) 

and ωpeΔt = 1 which can be further relaxed, however, the 

time step was constrained by the desire to 

electromagnetically resolve the RMF propagation. The 

absolute constraint here is not obvious and we will test the 

accuracy of larger time steps in future simulations.  

The simulation was run to 1055 ns with 32 

processors for 60 hours. The size of the problem (1 

million cells and 25 million particles) can efficiently 

accommodate up to 1000 processors using the 2-tier 

decomposition scheme of LSP. To reach an interesting 

duration of 100 µs and assuming a similar processor 

speed and 70% parallel efficiency, 1000 processors will 

require 250 hours computation time. Further speed up 

may be realized with longer time steps, and more 

aggressive decomposition. Even longer time scales are 

possible by making use of a two-fluid option in the code.  

LSP has been ported to NERSC where massively parallel 

operation is currently being tested and optimized. 

V. Conclusions and Future Work  

In this effort, we have begun investigations on 

the accuracy and robustness of our new MI computational 

approach by validating it against the published ECE 

simulations in the PFRC-1 device. The MI algorithm 

retains accurate representation of the particle orbits for 

either  Δt >>1 or ωpΔt >>1.  Due to the highest magnetic 

field lying in the mirror ends where the plasma density is 

small, the MI algorithm permits a significantly large time 

step while maintaining good numerical accuracy. 

Furthermore, these simulations show the benefits of the 

implicit approach in the reduction of particle noise 

allowing the enhanced illumination of magnetic field 

topology.  

We have also begun simulation of the new 

PFRC-2 device with order of magnitude more stressing 

computational requirements. The initial simulation has 

shown the need to reduce the initial plasma and neutral 

density to explore better coupling of the RMF to the 

plasma and eventually achieve FRC operation. The 

simulation suggests that calculations on a massively 

parallel machine can be accomplished in 250 hours on 

roughly 1000 processors with further speed to be 

explored.  In the near future, we will study the evolution 

of the PFRC-2 to FRC and eventually stochastic ion 

heating and current drive. Our fully kinetic modeling will 

enable ab initio investigations of RMF penetration into 

the plasma, evolution to an FRC, and the generation of 

parasitic waves, and ion heating for near term and reactor 

scale devices.  
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