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I. Introduction 

 

High- plasmas of interest to fusion energy are poorly captured by fluid or even extended-fluid models. 

In local regions of low magnetic field (O-point, X-points) as well as regions with steep gradients 

(separatrix, SOL) the applicability of even the gyroviscous model is questionable. An adequate treatment 

of the ion species then calls for an approach that is fully kinetic. The electrons can still be treated as a 

massless fluid. The label “hybrid equilibrium” describes this combination of fully-kinetic ions and fluid 

electrons. 

 

II. Ingredients of hybrid equilibrium model 
 

Kinetic ion equilibria are solutions to the steady Vlasov equation. In axisymmetric geometries the 

distribution function can be expressed in terms of the two constants of motion, the Hamiltonian H and the 

canonical angular momentum P. The rigid rotor (RR) paradigm is just such a solution. However, RR 

equilibria fail in one critical respect for divertor tori: they fail to account for the rapid loss of plasma 

outside the separatrix and its consequent effect on the distribution function. This effect can be captured by 

recognizing the ion confinement boundary in H-P space and solving the Fokker-Planck equation for the 

migration of ions out of the confined and into the unconfined region. This gives rise to an “end-loss” 

distribution. It differs from the familiar loss-cone distribution in that  it depends on both velocity and real 

space. For reasonable approximations the distribution has an analytic form. Moreover, its moments, e.g. 

density, flow, temperature, have analytic forms as well.  

 

The remaining ingredients of the equilibrium system are 

the electron/potential model and Maxwell’s equations. A 

small set of three parameters is sufficient to offer 

adequate flexibility in specifying the electron 

temperature profile and the potential. Maxwell’s 

equation (an extended form of the Grad-Shafranov 

equation) can then be solved by a conventional 

relaxation procedure. This has been done on a personal 

computer with modest computation times of several 

seconds. 

 

Figure 1 shows a representative distribution function (f 

vs P). Notably, f is pulled down significantly in the 

unconfined region of phase space. This effect is 

completely missing in the comparable RR example 

shown. This “end-loss” effect has a profound effect on 
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Fig. 1. End-loss distribution:  = R =  0.4Vth/Rs; 

 = 0.1; F0 = 0.9; Be/BJet = 1.2. The RR solution 

has RR = R/2. 



the equilibria produces, one result of which is a large amount of flow shear near the separatrix. 

 

An important feature of hybrid equilibria is that once bulk plasma parameters are set (external magnetic 

field, ion and electron temperature, separatrix radius) , and defensible expectations invoked (e.g. electron-

temperature-density relationship, end-loss rate of unconfined ions), only a one free parameter remains to 

determine the equilibrium. This parameter is related to the flow shear. 

 

III. Calculated equilibriareference case 
 

Consider a reference case from the FRC data compendium, “LSX-6” [1] for which Rw = 0.45 m, Be = 0.45 

T, Ti = 400 eV, Tem = 150 eV and Xs  Rs/Rw = 0.5. Taken to be representative are  = 0.1 and  = 0.4. 

Figure 2 shows the predicted profiles. These are unremarkable except at one point: in Fig. 2b the usual 

radial pressure balance p+Bz
2
/20 deviates from uniform by about 10%. This in an “FLR” effect of the 

kinetic ions, primarily near the separatrix. 

 
 

Figure 3 shows profiles of the current densities (a) and ion flow (b). Evidently, with fully-shorted 

magnetic surfaces, nearly all the current (Fig. 3a) is carried by the ions. Indeed, the electron flow actually 

reverses so as to slightly subtract 

from the ion current. The current 

profile with toroidal effects 

removed, i.e. j/r is slightly hollow, 

i.e. a minimum near the O-point.  

 

Figure 3b shows the profile of the 

rotation frequency u/r, which is far 

from “rigid” (uniform) having a 

deep minimum near the O-point. 

Also shown in Fig. 3b is the flow 

shear profile V = rdi/dr. The flow 

exhibits a giant flow shear layer 

with peak ~0.9Vthi/Rs near the 

separatrix; the width of the shear layer is ~ Rs/4. This results from the rapid end loss of unconfined ions. 

 

IV. Calculated equilibriatrends 
 

The level of flow shear is measured as fsh  1(u/r)O/u/r, where (u/r)O is the ion rotation frequency at 

the O-point, and u/r is the average ion rotation frequency on the midplane cross-section. For rigid 

rotation fsh = 0, and higher fsh represents increasing degrees of flow shear. The reference example (Sec. 

Fig. 2. Radial profiles for a reference example: (a) field and flux; (b) density and pressure 

balance (normalized by Be
2
/20); (c) temperature and electrostatic potential.  
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Fig. 3. Current and flow profiles for the reference example: (a) current 

densities of ions (i), electrons (e) and total jtot = ji + je (MA/m
2
); (b) ion 

rotation frequency ui/r and flow shear V = rdi/dr (both units Vthi/Rs). 
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III) has fsh  0.4. In the hybrid equilibrium system fsh is adjusted by 

choosing the rotation parameter, and fsh   for ranges of 

interest. 

 

Figure 4 shows how the flow shear has a profound effect on 

equilibrium parameters, notably the ratio of the separatrix-to-

maximum density and the ratio of the separatrix-to-external 

magnetic field. This trend suggests that flow shear should have a 

strong effect on confinement since n(Rs)/nmax decreases for 

increasing fsh. Note that this is strictly an equilibrium effect and is 

unrelated to the turbulence-suppressing tendency of flow shear. 

 

Surface functions. The first important question to address is to 

what extent kinetic effect 

in hybrid equilibria conflict 

with the predictions of 

fluid equilibrium theory. The first example of this, shown in Fig. 

5, concerns the surface functions of static fluid (Grad-Shafranov, 

GS) equilibria. Evidently the pressure is close to a surface function 

for this hybrid equilibrium since the inboard and outboard 

branches of p vs  nearly overlay. On the other hand, j/r, another 

magnetic surface function in GS equilibria, is only a surface 

function in the core of the FRC but departs significantly from this 

near the separatrix. Observe that the inboard and outboard values 

for  ~ 0 are quite different. 

 

Poloidal flux. Another question is the amount of poloidal flux. 

This is an important question since the high density and 

temperature of most -pinch-formed FRCs precluded internal 

probing of the magnetic structure. Consequently, poloidal flux inferences have been based on various 

theoretical estimates of p based on the static fluid equilibrium model. These assume a highly-elongated 

FRC, a representative radial profile, and axial force balance (Re Sec. II D of Ref. [2]). These express the 

normalized poloidal flux f  2p/BeRs
2
 as a function of Xs. The most common estimate assumes a RR 

radial profile, for which f  0.31Xs. Figure 6 shows f/Xs for hybrid 

equilibria as a function of flow shear. These results vary 

significantly from 30% below to 50% above the RR estimate, 

depending on the degree of flow shear fsh. Evidently, a factor 

completely absent in static fluid equilibria, vis. the degree of flow 

shear, has a profound effect on actual equilibrium, in this instance 

the amount of poloidal flux. 

 

Scrape-off layer thickness. A long-standing mystery concerns Ln, 

the thickness of the SOL [3]. The thickness based on the density 

gradient at the separatrix is anomalously thick, several times the 

“external” ion Larmor radius [i0  (2mikT0)
1/2

qBe], whereas 

estimates based on free-streaming end loss in the SOL predict Ln < 

i0. The gradient-based SOL thickness is Ln = [(1/n)dn/dr] 

evaluated at the separatrix. The hybrid equilibria offer a way to 

resolve some of this anomaly. A better measure of the plasma 

Fig. 6. Normalized poloidal flux vs 

flow shear. The circle denotes the 

reference example. 
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Fig. 4. Separatrix field and density 

ratios vs flow shear. The circle 

denotes the reference example. 
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exposed to end loss is the actual inventory is based on the 

integrated density outside the separatrix, “Ln(int)”. 

 

Figure 7 compares the two measures of Ln, again shown as a 

function of flow shear. Observe that the interation-based measure 

is smaller than the gradient-based measure by a factor of 1.8 – 2. 

This explains a large part of the SOL thickness anomaly. Of 

course, even the inventory measure, Eq. (21) regards the end loss 

as a fluid effect. In fact some confined ions with orbits extending 

outside the separatrix and therefore contribute to the inventory 

there. By the same token, some unconfined ion orbits may extend 

inside the separatrix. In any case, fsh has a large effect on the SOL 

thickness and thus should have a profound effect on confinement. 

 

V. Discussion 

 

A model for hybrid equilibria of FRCs has been developed, i.e. fully kinetic ions plus warm fluid 

electrons. This model differs from most earlier treatments of kinetic ion equilibria by recognizing the end-

loss effect of unconfined ions. Further, it endeavors to construct a realistic distribution function by 

solving a steady Fokker-Planck equation that balances end loss with a collisional random walk toward the 

confinement boundary. The hybrid equilibrium system is simple enough that the only numerical 

computation needed is a relaxation solver for the self-consistent poloidal flux function (r,z). Once basic 

factors are set only a single free parameter remains to determine the equilibrium. This is the rotation 

parameter  which is related directly to the degree of flow shear. 

 

Superficially, conventional profiles at the midplane, e.g. magnetic field, density, temperature, are 

unremarkable. However, closer scrutiny shows significant differences from static-fluid predictions of 

equilibrium. The primary difference is that a factor completely missing from the static fluid paradigm has 

a profound effect on the equilibrium, namely the degree of flow shear. Higher fsh leads to reduced relative 

edge density, higher poloidal flux, and thinner SOL. Each of these trends are improvements for higher fsh.  

 

A key feature of Grad-Shafranov equilibria are their surface functions. While the pressure is roughly a 

magnetic surface function for hybrid equilibria, j/r, only resembles a surface function in the core, but 

fails badly in the neighborhood of the separatrix. Another common extrapolation from GS equilibria is an 

estimate of their poloidal flux. This estimate falls completely fails to capture the strong dependence on 

flow shear. The flow shear is expected to evolve (decrease) during the lifetime of an FRC, an effect 

missed entirely by the conventional poloidal flux estimate. 

 

Hybrid equilibria enable a much more accurate portrayal of the SOL, the large thickness of which has 

been a long standing mystery. A large part of this anomaly is resolved by the observation that the actual 

inventory of plasma outside the separatrix is somewhat lower (~2) than estimates based on the separatrix 

density gradient, which gives rise to the usual estimate of SOL thickness.  
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Fig. 7. Gradient () and integrated 

(int) measures of the SOL thickness 

vs flow shear. The circle denotes 

the reference example. 
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